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ABSTRACT The partition function, end-vector distance (R2), and a variety of other properties are calculated 
for a Gaussian polymer in d dimensions which is terminally attached to a penetrable interacting hypersurface 
of dimensionality dll. Calculations for this model, originally introduced by Kosmas, are performed to all orders 
in the polymer-surface interaction and the perturbation expansions are resumed to provide exact closed-form 
solutions which are applicable over the whole crossover range (attractive and repulsive) of the polymer-surface 
interaction. These exact solutions are then compared with approximate renormaliiation group (RG) descriptions 
of the crossover which are deduced from the first couple of orders of the polymer-surface interaction perturbation 
expansion. The general shape of the crossover is rather well approximated in the positive interaction regime 
by the RG theory, but a singular behavior is found at a critical negative value of the surface interaction, 
corresponding to the collapse of the polymer onto the dll-dimension hypersurface. This occurs even though 
the model and the exact solution are well-defined in the negative interaction regime. The approximate RG 
crossover dependence of the polymer-surface interaction is shown to be very similar to  that for the poly- 
mer-polymer excluded volume interaction. Insights gained by comparing the exact and approximate RG 
crossover for the surface interaction problem are very useful in understanding the more complicated crossover 
for polymer-polymer interactions where there are no exact solutions. 

I. Introduction 
The renormalization group (RG) method, in conjunction 

with the two-parameter (TP) model of polymer excluded 
volume, has been very successful in describing the excluded 
volume dependence of large length scale polymer prop- 
erties above the 8 point.' However, this approach relies 
on the perturbative e-expansion method whose success in 
treating crossover dependence has only been judged em- 
pirically through comparison between theory and exper- 
iment for a wide class of polymer pr0perties.l It is of 
considerable interest to obtain an independent test of the 
adequacy of the crossover dependence predicted by the RG 
theory through a comparison with an exactly solvable 
nontrivial model. 

Kosmas2 has introduced an ideal model for such a com- 
parison. This model considers the interaction of a polymer 
in d-dimensional space with a penetrable surface of con- 
tinuously variable dimension d The crossover behavior 
of this model may be studied by use of RG expansions in 
the polymer-surface interaction along with expansions in 
el = 2 - d,, where d, + dll = d. In addition, we show that 
the perturbation expansion of the Kosmas model in the 
polymer-surface interaction may be evaluated to all orders 
for Gaussian chains and that the perturbation series can 
be resummed into closed analytic form. This provides the 
required exact crossover dependence of the polymer 
properties on the polymer-surface interaction for com- 
parison with the approximate RG treatment truncated to 
low order in e,. While the resummability of the pertur- 
bation expansion for the special case of d,, = d - 1 is to be 
anticipated from the exact solvability of the model by 
alternative  method^,^ the general dll-dimensional model is 
nontrivial, providing the desired comparison to check the 
adequacy of RG descriptions of crossover behavior. 

Our ability to calculate several polymer properties to all 
orders of the polymer-surface interaction with the Kosmas 
model for Gaussian chains indicates that this model is far 
simpler than the TP model of polymer-polymer interac- 
tions whose approximate RG crossover dependence we 
ultimately wish to assess. However, we show that the two 
crossover dependences have a similar analytic structure, 
and this suggests the applicability of some conclusions 
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based on the Kosmas model to the polymer-polymer in- 
teraction problem. 

The description of a polymer near an interacting pen- 
etrable surface is also of considerable interest in the study 
of polymers in the vicinity of liquid-liquid interfaces, of 
emulsion stabilization, and numerous other  application^.^ 
There have recently been Monte Carlo simulations by 
Ishinabe5 and Kremer6 for self-avoiding lattice polymers 
interacting with penetrable surfaces, and Hammersley et 
al.' have obtained exact analytical results for lattice ran- 
dom walks with penetrable and impenetrable surfaces. 
Although our primary interest lies in testing the accuracy 
of the RG description of crossover dependences, we also 
discuss some of the properties of Gaussian polymers a t  
penetrable interfaces. A previous paper focuses on the 
impenetrable surface p r ~ b l e m . ~  

The Kosmas model2 is introduced in section I1 and is 
discussed in relation to the TP model of polymer excluded 
volume. The perturbation series in the polymer-surface 
interaction for the configurational partition function and 
the mean square end-vector distance (R2) are then eval- 
uated in section I11 to all orders for Gaussian chains with 
the Kosmas model. The perturbation expansions are 
shown to have an infinite radius of convergence for el > 
0 and a zero radius of convergence for el < 0. First, a 
closed-form resummation of the perturbation expansion 
for the partition function is obtained for general e, in 
terms of the Mittag-Leffler function.s Second, the RG 
method is applied to the Kosmas model through the first 
few orders of the ti  expansion in section IV. The ap- 
proximate RG crossover dependence for (R2) is then 
compared with the exact analytical solution for the con- 
venient and physically most important case of dl ,  = d - 1. 
Similarities are noted between polymer-polymer crossover 
behavior and that for the polymer-surface interaction. 
The RG description of the negative interaction regime is 
ill-behaved in both problems, and our exact solution for 
the negative (attractive) surface interaction regime is used 
to construct an approximate scheme for describing the full 
crossover. This scheme should also be useful in the con- 
struction of a theory of the polymer-polymer interaction 
over the full range of interactions. Further discussions of 
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other properties within the Kosmas model and of the order 
of the adsorption phase transition as a function of d, are 
given in Appendix A. 

11. Model 
The unperturbed model is a continuous Gaussian chain 

backbone which is perturbed by a &function pseudopo- 
tential for the polymer-surface interaction. Phenomeno- 
logical parameters in this coarse-grained model are com- 
plicated functions of the detailed microscopic interactions. 
The hypothesis of universality, however, leads us to expect 
that the microscopic details can be subsumed into the 
scaling variables derived from a minimal model to obtain 
a universal description of large-scale properties. 

The continuous chain model configuration is specified 
by the position vector R(x) of the chain segment a t  a 
contour distance x along a chain of length No. For con- 
venience, the position vector R(x) is written in terms of 
reduced units of the mean square end-to-end distance 
(R2)o,f of a free unperturbed chain as 

r(x) = R ( X ) [ ~ / ( R ~ ) ~ , ~ I ~ / ~  (2.1) 

In these units the dimensionless configurational Hamil- 
tonian for the polymer-surface interactions is 

%/kBT = Bo + %,(polymer-surface) (2.2a) 

where the unperturbed portion 
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%,(polymer-polymer) = 

( ~ ~ ~ / 2 ) & ' d x l ' d x '  ( 2 ~ ) ~ / ~ 6 [ r ( x )  - r(x')] (2.3a) 

where z20 of the two-parameter (TP) theory has the tra- 
ditional polymer theory definition ( E  = 4 - d) 

z20 = (d/27r12)d/2&0nof/2 (2.3b) 

with Pz0 the polymer-polymer binary cluster integral. For 
d,, = 2 we have t i  = E ,  which is the special case necessarily 
considered with the RG theory when both excluded volume 
and the surface interaction are p r e ~ e n t . ~ ~ ~  

111. Perturbative Calculation and Exact 
Resummation 

Two basic approaches have appeared for treating the 
surface interaction model described in the previous section. 
The interaction potential in (2.24 is a one-body potential, 
and the fixed end-vector partition function can be shown 
to satisfy a linear diffusion equation which is exactly 
solvable by c h i d  methods for solving partial differential 
equations.'O This diffusion equation approach has been 
reviewed by many authors4J0J1 and has been mostly lim- 
ited to the case d, = 1. However, nothing in principle 
prevents the treatment of more general values of d, E 
(0,d). For instance, Pincus et a1.12 and de GenneslO have 
considered the problems of adsorption (attractive inter- 
action) onto a sphere, cylinder, and plane for d = 3 (see 
also ref 13). 

Another procedure, introduced by Kosmas,2 is to per- 
turbatively expand the surface interaction in the same 
manner as in the standard TP model of polymer-polymer 
excluded volume. The unperturbed state, which is anal- 
ogous to the 8 point for the polymer-polymer interaction, 
is that of a free Gaussian chain. In this section we perform 
the perturbation calculation through infinite order in the 
surface interaction parameter. After a resummation of the 
perturbation theory into closed form, the result obtained 
from the diffusion equation approach is recovered as a 
special case for d, = 1. More generally, the perturbative 
expansion provides an exact solution for arbitrary d ,, 
although the convergence of the perturbation series re- 
quires d, I 2. 

A. Perturbative Calculation of ( R2). The end-vector 
distribution function G(rjz,O) for a Gaussian chain with one 
end attached t o  the wall at r = 0 is defined in terms of 
the model Hamiltonian % of (2.2) by 

0 

reflects chain connectivity and where kBT is the absolute 
temperature in energy units. 

The interacting surface is a hypersurface of dimension 
d,, embedded in a space of dimensionality d. A vector rll(x) 
is defined as the projection of r(x) onto this surface, and 
rL(x) is the projection onto an orthogonal space of di- 
mension d,. Within a representation similar to that in- 
troduced by Edwards@ for the polymer-polymer excluded 
volume interaction, the surface interaction portion of the 
Hamiltonian equals2 

%,(polymer-surface) = z$o& dx s [ r , ( x ) ] ( 2 ~ ) ~ l / ~  (2.24 

where the dimensionless polymer-surface interaction pa- 
rameter z,O is defined as 

z,O = (d/27r12)d1/2p,0nO(i/2, E ,  = 2 - d, (2.2d) 

Here &" is the polymer-surface binary cluster integral and 
6[rl(x)] is a d,-dimensional 6 function. Short-range 
correlations, such as the constraint against immediate 
reversal in lattice chains and restrictions on bond angles, 
etc., in real polymers are as usual implicitly absorbed into 
the definition of the effective step length 1. The number 
of statistical segments no is related to the chain contour 
length No and to the free Gaussian chain mean square 
end-vector distance ( R2)o,f through the definitions 

(R2)o,f Nol no12 (2.2e) 

There is a very close formal similarity between the 
polymer-polymer and polymer-surface interaction per- 
turbation series and also between the scaling functions, 
obtained after renormalization in these two models. 
Hence, we conclude this section by defining the interaction 
energy for the former problem to facilitate comparisons 
which are made in section IV. The polymer-polymer in- 
teraction contribution to the Hamiltonian is modeled by43 

1 

where D(r(x)) is the Wiener conformational measure. This 
distribution function G(r,zgO) can be Taylor-expanded 
around Go(r) for a free Gaussian chain. The familiar 
Gaussian propagator Go(r) has the form 

G'[r(x)] = ( 2 7 r ~ ) - ~ / ~  exp(-r2/2x) (3.2) 

Using the relation lrI2 = r2 = lri,12 + lr,I2 implies that eq 
3.2 can be factored to obtain 

Go[r(x)l = Glio[r~~(x)lGlo[r,(x)l (3.3a) 

such that 

Gllo[r,,(x)] = ( 2 7 r ~ ) - ~ l l / ~  e ~ p ( - r ~ , ~ / 2 ~ )  (3.3b) 

and 

Glo[rL(x)] = exp(-rL2/2x) (3 .3~)  

In the Kosmao approach2 the surface interaction part of 
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Figure 1. The free Gaussian chain propagator G” is denoted by 
a straight solid line, the polymer-surface interaction (a) by a 
dashed line ending at a box, and the polymer-polymer interaction 
(b) by a simple dashed line. The box is representative of the 
surface. In higher order in the excluded volume interaction there 
is a rapid pr~liferation~~ in the number of diagrams for the 
polymer-polymer interaction, and the diagrams for (R2)f through 
fiith order, for example, are given by Muthukumar and Nickel.” 
Only “ladder type” diagramsM arise in the z: expansion where 
there is a succession of embedded loops as in the first term of 
the second-order expansion of 220. We speculate that the con- 
vergence of the surface interaction perturbation expansion and 
the stability of the fixed point (us* = eJ2) and exponents such 
as y (see Appendix A) are associated with the absence of “meshed” 
loops which, in turn, is associated with the one-body nature of 
the interaction. For m-body excluded volume interactions (m > 
1) and c expansions for the fixed points and exponents generically 
have an asymptotic form21 similar to  (C.4), and this factorial 
growth in the c-expansion coefficients seems to be associated with 
the combinatorics of distinguishable interaction vertices (see ref 
25). 

the Hamiltonian % in the exponential of (3.1) is pertur- 
batively expanded to express G(r,z,O) in power series in z,O, 
leading formally to 

or explicitly from (2.2) this gives 

1 
(2?r)d1/2G,o(0,x)G,o(rL,l - x )  + (Z,O)~S dx’ l ’dx  0 

(2a)dlG,0(0,x)G,0(0,x’- x)G,O(r,,l - x ’ )  + O[(Z,O)~] 
(3.4b) 

0 

Equation 3.4b is still separable into two parts 

G( r  , , r l l  ,z,O) = Gllo(rll )G I (r, ,z,O) (3.44 

leaving the parallel component Gllo(r,,) unaffected by the 
surface interaction. 

The expansion (3.4b) is diagrammatically depicted in 
Figure l a  and is contrasted with that for the polymer- 
polymer excluded volume interaction which is given in 
Figure lb. To stress the comparison with the TP theory 
the first-order expansion4J4 for G(r,z20) for a free chain is 

G(r,z20) = Go(r) - 
(1 - x’)(2?r)d/2G0(0,x’)Go(r,l - x ’ )  + O [ ( Z ~ O ) ~ ]  

(3.5) 

The leading contributions to the polymer-polymer and 
polymemurface perturbative expansions are identical for 
d = d, in (3.4b) and (3.5), aside from the factor of (1 - x ’ )  
in (3.5) (see Appendix A) coming from an iterated integral 
and from an interchange of interaction labels. 

One of the basic quantities derivable from the distri- 
bution function G(r,z,O) is the partition function Q, defined 
as 

or explicitly from (3.4) and (3.3) as 

Through all orders in perturbation theory a terminally 
attached chain yields the series 

m 

Q ( z , O , ~ , )  = C [-z,0r(t,/2)ik/r(i + kt,/2) (3.6) 
k=O 

where t, = 2 - d, is defined in (2.2d) and I’ denotes the 
gamma function. The zero of free energy is chosen such 
that the partition function Q of the unperturbed chain (2,” 
= 0) is unity. Equation 3.6 is generally termed a “bare” 
perturbation series as opposed to the resummed 
(“renormalized”) theory introduced in section IV. The fact 
that the surface interaction is modeled by a one-body 
&function pseudopotential reduces the computational 
complexity and enables the perturbation theory to be 
obtained through infinite order [see (3.6) and (3.7e) below]. 

The end-to-end vector distance (R2) is an important 
polymer property for characterizing the polymer configu- 
ration even though it is not a direct observable. I t  is also 
one of the simplest properties to calculate, so we focus on 
(R2) as an illustrative example. I t  is convenient to cal- 
culate the (RIl2) and (R,2) components of (R2) separately 
where these are the projections of (R2) onto the dll- and 
d ,-dimension subspaces 

(R2) = (R1i2) + ( R L 2 )  (3.7a) 

Equation 3 . 4 ~  implies that the parallel component is 
unaffected by the surface interaction, so that it is the same 
as that for the free chain 

(R,12) = (d,I/d)(R2)O,f (3.7b) 

Equation 3.7b is obviously not correct for a strong at- 
tractive interaction (2,” - -), where (RIi2) must approach 
(Rz)of independent of dimention (dll 2 1) because this limit 
produces a random walk in the dll-dimension space. The 
deficiency of (3.7b) arises since the dimensionality of space, 
which the polymer “senses“, is a function of the interaction. 
This effective dimension d(z,O) has the physically clear 
limits d(z,O - -a) = d,, and d(z,O 1 0) = d. A correct model 
can, in principle, be derived from lattice random walk 
calculations where, for instance, Rubin’ finds (RIl2) de- 
pends on the surface interactiorl in a model-specific fash- 
ion. I t  still remains to derive the appropriate continuum- 
limit model in the attractive interaction regime. However, 
since (3.7b) does describe a dimensional crossover from a 
d-dimensional random walk for z,O 2 0 til a dll-dimen- 
sional-like one for z,O - --OD , we continue to use it as a 
vehicle for studying the accuracy of the RG theory for 
crossover dependences of polymer properties on the 
polymer-surface interaction. 

The perpendicular component ( RL2) is computed from 
(3.3) and (3.4a) as 

( R i 2 )  = 
(1 / d )  ( R2 )o,fJ ddr r2G(r, ,ril ;z,O) / J ddr G(r, , r  ;z,O) 

(3.74 

After integrating out the parallel component in (3.7c), we 
find 

Proceeding in the same fashion as in the case of Q, the 
perturbation expansion for (RL2) through all orders is 
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(RL2) = 

(dl/d)(R2)o,A 5 (-l)"[z,or(t,/2)ln/r(2 +nti/2)1/Q 
(3.7e) 

withe Q given by (3.6) and where (3.7e) corresponds to a 
terminally attached chain. 

Many properties of relevance to a polymer interacting 
with a penetrable surface are readily evaluated in this 
manner. Appendix A compiles several of the more im- 
portant properties besides (3.6) and (3.7e). The main point 
of our work, however, is the comparison with the pertur- 
bative RG solutions, and (3.6) and (3.7e) suffice for this 
because the other properties in Appendix A exhibit similar 
characteristics. 

Next we show that Q, for example, can be written in 
terms of the Mittag-Leffler function,15 whose properties 
are described in detail by Hardye8 This enables us easily 
to derive asymptotic expansions in the limits of large 
positive and negative surface interactions for arbitrary E,. 

A specialized discussion is provided for d, = 1, since a 
comparison can be made in this case with exact solutions 
from the diffusion equation approach and since the 
crossover function is considerably simpler for d, = 1. In 
the following section we apply the RG through the first 
few orders of c, perturbation theory and compare the RG 
crossover dependence with the exact solution for d, = 1 
and with certain limits for general cL. 

B. Exact Resummation of the Surface Interaction 
Perturbation Theory. First, it is useful to make some 
basic observations about the perturbation series (3.6) and 
(3.7e). The ratio test implies that the radius of convergence 
of the perturbation series is infinite for e, > 0. Further- 
more, when el = 1, the perturbation expansions are ex- 
pressible in terms of simple hypergeometric functions. For 
example, eq 13.1.3, 3.1.2, and 13.6.39 of Abramowitz and 
StegunI6 enable the transformation of (3.6) into 

Q(z,O,tL = 1) = exp([r(l/2)z,Ol21 erfc [r(1/2)z,O] (3.8) 
where erfc is the error function complement. The moment 
(RL2)  is found from (3.7e) in the same way to be (d, = 
1) 
( R L 2 )  = (R2 Io,kd , /d)(exp[r(l  /2)z,Ol erfc [r(l/2)zsOl 

n=n 

+ X'(~/~)Z:/T'/~ - 1)/Q (3.9) 

The relatively simple analytic forms of (3.8) and (3.9) make 
these crossover functions convenient for our comparison 
with our RG calculations below. 

The case of tL # 1 also allows for a closed-form ex- 
pression for Q and related properties, although the re- 
sulting functions are more complicated. Equation 3.6 
defines the series for the Mittag-Leffler8J5 function 

Q = E,,/z[-z,Or(ti/2)1 

which is discussed on p 198 of ref 8. Following Hardy,s 
the partition function Q in the large-z: limit may be shown 
to have the asymptotic series (assuming 0 5 E, 5 4 and 
t, # 2 unless otherwise noted) given by 

m 

Q - (-1) C [-~:r(c~/2)]+/r(i - kc,/2) = 
k = l  

i/~:r(~,/2)r(i - ~ , / 2 )  + o[(z,O)-~] (3.10) 

When zSo - --OD , the partition function Q exhibits a non- 
analytic stretched exponential behavior8 
Q - (2/t,) e~p([-z:r(t , /2)]~/~~),  z,O - --OD (3.11) 

Generalizing the argument given by Hardy8 we compute 
(R12) in the z,O - m limit to obtain 

Macromolecules, Vol. 19, No. 8, 1986 

(3.12a) ( R i 2 )  - [ (d i (R2)o , f /4 / ( l  - ti/2)lg(z:) 

or 

( R i 2 )  - (2 (R2 )o,f/dMz,O) (3.12b) 

where 

g(z:) = 1 - (cL/2)r(1 - tL/2)/~,0r(t,/2)r(2 - + 
O [ ( Z ~ ) - ~ ] ,  z: - m (3.12~) 

For the opposite limit of z,O - -a we find 

(RL') - (d,(R2)~,~/d)[-~,o~(t~/2)]-2'f~, z,O --* --OO 

(3.13) 

A simple calculation shows that these limits are recovered 
from (3.8) and (3.9) for the special case of d, = 1. The 
novel behavior of Q for t, < 0 and ti  > 4 is discussed in 
Appendix B. 

The exact resummation of the perturbation series in 
terms of known functions thus enables us to describe the 
nonanalytic limiting behavior of the perturbation theory 
in closed form. It  is simple with hindsight to understand 
the scaling behavior in (3.11) and (3.13). The argument 
of the exponential in (3.11) is just the free energy of the 
polymer relative to the noninteracting free-chain limit (see 
Appendix A). Since almost all of the polymer is adsorbed 
onto the surface in the z,O - -m limit, this change in free 
energy must be proportional to no independent of di- 
mension. This result, in turn, implies the free energy is 
proportional to (z:)~/~,. Similarly, eq 3.13 can be under- 
stood physically as just a statement that the layer thickness 
of the strongly adsorbed isolated polymer is independent 
of molecular weight. Equation 3.12a and the crossover 
dependence in (3.9) are compared below with the predic- 
tions of the RG theory. 

IV. Renormalization Group Treatment of 
Crossover in Polymer-Surface Interaction 

There are a limited number of nontrivial statistical 
mechanical models which can be solved exactly and which 
exhibit phase transitions. The polymersurface interaction 
model is a valuable example because much can be learned 
about the RG method and its limitations by applying the 
RG procedure to this exactly solvable model. The RG 
description of the polymer-surface interaction closely 
parallels that given previously for the polymer-polymer 
interaction,l and below we discuss some of their similarities 
and differences. 

A. End-to-End Distance (R2). The perturbative RG 
manipulation of (RL2) begins by rewriting (3.7e) explicitly 
in z,O as 

(RL2) = [dL(R2)o,f/dl[l - (2z:/c,)/(l + ~ , / 2 )  + 
(2~,O/~,)~r~(i + t , /2)/r(2 + 
(22,Oc,) + (2~,0/t,)~r~(i + EL/2)/r(1 + tL )  + ...I 

+ ...I/[ 1 - 

(4.1) 
Expanding the denominator in (4.1) then gives the z,O 
perturbation expansion 

(RL2) = (R2)0 , f (d l /4  x 
{1 + Z,o[l/(l + t,/2) - (2/t,)zSo/(l + t,/2)(1 + 
E , )  + (2/t,)2(~,0)2/(1 + t l ) ( l  + 3~,/2)1 + O[(Z,O)~I] 

(4.2) 
There are evidently formal poles in c L  associated with the 
( ~ 2 ) ~  and higher order terms in (4.2). These poles contain 
information on how the perturbation theory is to be re- 
summed, and this information is extracted through the 
introduction of renormalization constants. The first step 
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in this procedure is the definition of a dimensionless 
"coupling constant" u,O to provide a dimensionless measure 
of the polymer-surface interaction. A coarse-graining in- 
teraction length scale L, and the quantity u,O are intro- 
duced in the alternate definition of z,O 

z,O I U , O ( ~ ? ~ N ~ / L ~ ) ~ ~ / ~  (4.3) 

The el expansion for (RL2) is then obtained by expanding 
all terms in el, apart from the poles in (tJn, in a Taylor 
series in el. 

The RG procedure next involves introducing a renor- 
malization constant 2, (us is termed the "renormalized 
coupling constant") defined by 
u,O = u,ZUs = u,(l + a l u , / t ,  + u2u2/tL2 + ... ) (4.4a) 

into the definition of 2," in (4.3). Then (4.4a) is substituted 
into the €,-expanded form of (4.2), and the unknown 
constants ul, u2, ... are determined such that all the t, poles 
in the resultant perturbation expansion of (R12) in both 
us and t l  vanish identically. Applying this recipe, Z,, is 
found as 

ZUe = 1 + (2u,/tl) + (2u,/tJ2 + ... (4.4b) 

The general case which includes the polymer-polymer 
interactions also has a renormalization constant ZN defined 
by 

ZN-lN = No (4.44 

where ZN is responsible for a change in the exponent Y of 
(R2) n,,2y12 from its Gaussian value of vo = l />  The exact 
solution (3.13) and the perturbation expansion (4.1) both 
imply that ZN = 1 when polymer-polymer interactions are 
absent. When excluded volume is introduced into the 
model, ZN is no longer equal to unity, and this more general 
case will be discussed elsewhere." 

After extraction of the poles, the renormalized pertur- 
bation series is computed from (4.2) and (4.4) as 
(RL2)  = (dl/d)(R2)o,Al + ~,(27rN/L,)~~+'1/~[1 - 

(€,/a + 2USl + O(€13)1 (4.5) 

where the usual reexponentiation of terms in In (27rN/L,) 
has been made. The RG equation is now introduced to 
convert perturbative result (4.5) for small us into a full 
description of the crossover dependence of (R,:). 

B. RG Crossover Analysis. We now summarize some 
of the basic results of the RG crossover analysis which 
permit the extraction of the global analytic structure of 
the exact solution from the apparently meager information 
contained in the first couple or orders of the polymer- 
surface interaction perturbation theory. For a detailed 
account of this interpretation of the RG analysis the reader 
is referred to ref 1. 

(RL2)  with a surface interaction is described by the 
scaling function 

(RL2)  = ~ [ L L ' ~ / ~ u , O  = L;f1/2(u,Z,1);2irNo] (4.6a) 

which upon scaling gives 
(RL2 ) = ( R2 ) o,ff(z:) (4.6b) 

where is defined by (4.3). The RG equation is obtained 
by differentiating (4.6a) with respect to L, where the ar- 
guments Lg-'~l%gO and No are fixed. Noting that ZN = 1 
for a Gaussian chain and that Lg-fl/2~,0 is independent of 
L,, this leads to the simple RG equation 

(4.6~)  
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where the Gell-Mann-Low 0 function is defined by 

and the F subscript indicates differentiation with the ar- 
guments of f  in (4.6a) held fixed. 

It is easily verified upon direct substitution that (4.6~) 
has the solution 

(4.6e) 

where us* is the nontrivial root of &(us) (see below for the 
definition of us*) and where the lower limit u,*/2 in (4.6e) 
is chosen as a matter of convenience. Scaling lengths in 
(4.6e) by (RL2) in the z,O = 0 limit, i.e., by (RL2)[z; = 01 
= (d,(R2)o,f/d) 0: No, we obtain 

( R l 2 )  = (dl(R2)o,f/4f(ts)  (4.60 

where the scaling variable {, of the renormalized theory 
is defined as 

An explicit form of is obtained by first determining 
@,(us). Inserting (4.4b) into (4.6~) gives to second order 
in us 

[P,(u,)/~,*l/(t,/2)u, = 1 - ii, + O(ii:) (4.8a) 

ii, = u,/u,*; us* = t L / 2  + O(tL3) (4.8b) 

It is very likely that (4.8a) and (4.8b) hold to all orders in 
perturbation theory. Combining (4.7a) and (4.8a) yields 

f, = (27rNo/Ls)f1/2iis/(1 - ii,) + O(tL3) (4.7b) 

The renormalized perturbation expansion in (4.5b) is 
made consistent with the requirements of the RG equation 
by inverting (4.7b) to generate the function us(~,,No/L,), 
which is to be inserted into (4.5b). In first and second 
order in el eq 4.7b is inverted, respectively, as 

(4.7c) 

us = u,*[{,/(l + ~s) ] (2aNo/L, ) - f~ /2(1+~)  + O(eL3) (4.7d) 

Substituting (4.7~) and (4.7d) into (4.5b) gives 

u, = u,*L/(l + L)  + O(€,2) 

( R l 2 )  = (d,/d)(R2)o,f[l + us*& + O(€12)1, 
us* = t1/2 + O(tL2) (4.9a) 

u,* = e L / 2  + O(t13) (4.9b) 
(R12)  = td,/d)(R2)o,f[1 + us*& + (~ ,* )~ (2&,~  - A,) + 

where A, is an abbreviation for 
A, = {,/(1 + L )  (4.8~) 

Equations 4.9a and 4.9b are central RG expressions, which 
we now proceed to compare with exact results for tl  = 1. 

The strong surface interaction limit of {, - m simplifies 
(4.9b) to 

(R12) = (dl/d)(R2)o,f[l + c,/2 + (t1/2I2 + O ( t ~ ~ ) l ,  

O(tL3)], 

z,O - m (4.94 

which is equal to the expansion of the exact result (3.12) 
to second order in e,. We observe that the prefactor 
coefficient in square brackets in (4.9~) appears to converge 
as a geometric sequence (see Appendix C). 

In order to compare the e,-perturbative RG solution and 
the exact solution, it is necessary to determine the relation 
between the renormalized crossover variable [, and the 
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is 7% relative to the exact solution for e l  = 1. 
Figure 2 exhibits a splitting pattern for successive orders 

of the bare (unrenormalized) perturbation theory as z,O - 
us* where the different orders deviate for z,O > us*. A 
similar splitting of the bare perturbation theory occurs for 
z,O - -us* but is not depicted to avoid clutter. Since the 
perturbation theory has an infinite radius of convergence, 
the truncated bare perturbation expansion (4.2) eventually 
settles down to accurately approximating the exact scaling 
function if a sufficiently large number of terms are kept 
in (4.2). Figure 2, however, indicates that the fixed point 
us* has the interpretation as the range of the polymer- 
surface interaction at which the first-order (linear ap- 
proximation) perturbation theory is a good approximation, 
and 1z,O1 I us* generally prescribes the range in which 
low-order perturbation theory is to be trusted. The RG 
e-expansion method evidently proceeds by resumming in- 
finite sub-sequences of the polymer-surface interaction 
perturbation theory to obtain an increasingly global per- 
turbative description of the full solution from the locally 
restricted (z,O 5 us*) truncated Taylor expansion. The 
convergence of the perturbation expansions for the surface 
interaction problem appears to be uniform in the positive 
interaction regime [see (4.9~) and (3.12a)l. 

C. Region of Negative 2;. Whereas the model and 
exact solutions are well-defined for z,O < 0, it is frustrating 
that the chain space Gell-Mann-Low RG theory, in its 
present form, does not permit the description of the neg- 
ative interaction regime because of its intrinsically singular 
behavior as the dimensionless interaction z,O approaches 
its negative fixed-point value -us*. All of the analytic 
information for the full range of the polymer-surface in- 
teraction is contained in the original polymer-surface in- 
teraction perturbation expansions (3.6) and (3.7e), and it 
may be hoped that some perturbative method exists for 
treating the negative interaction regime. The failure of 
the standard RG procedure in the negative interaction 
regime also indicates that under certain circumstances the 
standard RG theory cannot be trusted. Hence, there is 
a need for criteria to recognize these situations and for the 
development of methods which extend the RG theory into 
the negative interaction regime for the treatment of nu- 
merous problems in polymer physics where there are at- 
tractive interactions. Such a description is relevant to the 
coil-globule transition,'* the collapse of blocks within block 
 copolymer^,^^^^^ and the polymer coexistence curve as well 
as the adsorption of polymers onto surfaces. We cannot 
give a full solution to this very basic problem, but we do 
provide several observations to help in understanding the 
failure of the RG theory in the negative interaction regime 
and we suggest a method for treating the whole positive 
and negative range of interaction. Those readers more 
interested in how the comparison in subsection B bears 
on the expected accuracy of the RG crossover for poly- 
mer-polymer interactions may skip to subsection D below. 

A t  a purely mathematical level the RG theory through 
(4.8~) defines a mapping between the positive real axis and 
the interval [0,1]. The original perturbation expansion in 
z;/u,* [see (3.6)] is simply reexpressed as an expansion 
in the new variable A,. The transformed expansion in low 
order in A, provides a better global approximation to the 
exact solution than the starting perturbation expansion 
in z,O/u,*. The transformation (4.8~) is, in fact, the Euler 
(E,q) summation methods in which the q parameter of the 
general Euler transform is effectively optimized in a spe- 
cific way (q = l /us*)  by the RG theory. 

Hard? notes that the Bore1 resummation method may 
be regarded as the q - m limiting case of Euler summa- 

; /  

5 , :  z,"/u: 

Figure 2. Our exact solution for (R2) is denoted by the dark 
solid line, and the first and second order in el calculations are 
denoted by dashed-dot and dasheddouble dot lines, respectively. 
The thin solid line is a second-order Taylor expansion, and the 
long dashed line is a third-order Taylor expansion. The asymptotic 
ground-state-dominant solution for large negative z,O is represented 
by a dotted line. Short vertical dashed lines denote the fixed-point 
values of the interaction z,O = &us*, enclosing the regime in which 
the first-order Taylor expansion (a linear perturbation) holds to 
a good approximation. A similar splitting pattern for z = u2*(d 
= 3) = 0.1 is evident in Figure 111.4 of Yamakawa& for the 
two-parameter perturbation expansion. In ref 18 the limit 22 - 
-uz* has been identified with the onset of the coil-globule tran- 
sition, and in this figure we see that the limit z,O - -us* corre- 
sponds to a sharp crossover to  the adsorbed polymer state. See 
the discussion after eq 3.7b which explains a difficulty with the 
continuum model in the attractive interaction regime. 

bare variable z,O. This relation is frequently not considered 
in RG calculations but is easily determined as follows: 
Equation 4.6 provides the definition 

d In [ ( u , ~ ) ~ / ' J - ] / ~ u ,  = l /&(uJ (4.10a) 

which implies that 

u,O/u,* 3 a,Z,la,) = exp[ ( e L / 2 ) 1 "  dx/&(x)] (4.10b) 

Thus, by definition lS and Zus are equal to 
u,*/2 

l s  = z,O/u,* (4.7e) 

2, = (1 - a,)-1 + O(as3) (4.11) 

Expanding (4.11) in powers of a, recovers (4.4b) as it must. 
Consequently, a main point of the RG crossover scaling 
analysis is to obtain a resummed form of these renor- 
malization constants. Knowledge of the resummed re- 
normalization constants then enables the analytic contin- 
uation of the low-order perturbation theory out of the 
perturbative regime 1z,O1 5 us*. 

We now come to a central point of our paper, namely, 
the evaluation of the e,-expansion error in the first couple 
of orders of the e,-perturbation theory. This error can be 
visualized from Figure 2, where the first and second order 
in el RG predictions (4.9) are compared with the exact 
solution (3.9) for el = 1. The overall shape of the scaling 
function is rather well reproduced by the RG predictions 
in the range z: E (-us*,..). To first order in e l  the RG 
theory in the strong repulsive interaction limit (z,O - m )  

gives a 14% error for (R2),  while in second order the error 
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tion, so that we can learn something about the limitations 
of RG resummation from the well-known limitations of the 
Borel method. The analytic continuation of Borel-trans- 
formed series is typically confined to a half-plane: just as 
is our RG treatment of the surface interaction. Further, 
a common signature for a series which is not Borel sum- 
mableg is a nonalternation in signs of the coefficients of 
the series.21 Equation 4.1 for negative z: is of this latter 
form with all coefficients positive. Another signature21 of 
series with nonalternating coefficients is the existence of 
a limiting nonanalytic behavior which is not readily ex- 
tracted from perturbation expansions, a behavior displayed 
in (3.11) and (3.13). This leads to the general conclusion 
that the RG method in its present form should be applied 
with caution for bare perturbation expansions with no- 
nalternating coefficients. 

Another approach to the negative interaction regime 
involves expanding about the limiting dimensionally re- 
duced state where the polymer is adsorbed strongly onto 
the dil-dimension hypersurface. The diffusion equation 
with &function polymer-surface pseudopotential only has 
a single bound state (i.e., discrete eigenvalue), so this ap- 
proach corresponds to the usual “ground-state-dominant” 
(gsd) approximation.1°-12 For an impenetrable plane 
surface de Gennesa gives the gsd end-vector distribution 
GLgsd as (see Appendix A for the case of general cl) 
GLgsd = e~p[-2~/~r(1/2)~,01r.)], d, = 1 (4.12) 

which upon explicit calculation of (R2) for a terminally 
attached Gaussian chain yields 

(R2) = (d,l (R2)o,f/d)(l + (4/dI,~)/(-z,O/us*)~ + 
O[(-z,0/us*)-3]), z,O - --m , d, = 1 (4.13) 

This leading contribution is denoted by a dotted line in 
Figure 2 and is identical for z,O - --m to the prediction of 
(3.13) for d, = 1. Figure 2 shows that the gsd contribution 
accurately approximates the exact solution well up to point 
where z,O = -us* from below. Nemirovsky and Freed22 have 
introduced an effective Hamiltonian scheme in which the 
gsd term is the leading contribution. This allows for the 
calculation of fluctuations which become important as z,O - -us*. 

There is a simple physical reason for the divergence in 
the gsd theory as z,O - -us*. The free energy of the ad- 
sorbed polymer [see (3.11) and Appendix A] is given by 
(%s)gsd a Eono = l - ~ , O r ( ~ , p ) [ ~ / ~ l ,  z,O - -m (4.14) 

where Eo is the free energy per monomer unit in the ad- 
sorbed state. Eo also is the eigenvalue of the diffusion 
equation for the gsd mode. (See Appendix A.) A strongly 
adsorbed chain corresponds to Eo on the order of unity, 
but as z,O - -us* the gsd eigenvalue Eo approaches zero 
as Eo - l / n o  - 0, and the desorption transition occurs. 
In this limit the gsd mode ceases to give the dominant 
contribution. 

Figure 2 shows that a rather good approximation to the 
exact crossover function for all z,O can be constructed 
separately in three different regimes. First, the RG con- 
structs an approximation for z,O > 0 from a low-order 
perturbation expansion. The negative interaction regime 
is well represented by the gsd theory for z,O < -us*. Lastly, 
the bare perturbation theory provides a good approxima- 
tion in the “linear” regime 1z,O1 I us*, so that perturbation 
theory can be applied in the remaining regime z,O E 
(-u,*,O). We believe that a similar method should provide 
a workable approach for a variety of more complicated 
problems, such as polymer collapse, where no exact solu- 
tion for comparison is possible. 
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D. Comparison between the t Expansions for 
Crossovers in the Polymer-Polymer and Polymer- 
Surface Interactions. The description of the crossover 
dependence of dimensionless polymer properties on the 
polymer-polymer excluded volume interaction is very 
similar to that of the polymer-surface interaction. For 
example, Oono and Freedz3 give the first order in t 

crossover scaling function for the ratio of the end-vector 
distance to the radius of gyration of a free chain 
(R2)/6(S2) = 1 + (u2*/12)A2 + O [ ( U ~ * A ~ ) ~ I  (4.15a) 

t = 4 -  d u2* = t/8 + O(t2) 
(4.15b) 

A2 = [/(I + n 
Here { is the “renormalized” excluded volume scaling 
variable analogous to ts for the polymer-surface interac- 
tion. Douglas and Freed’ show that { = z2O/uS*, which is 
analogous to (4.7e), and they provide numerous other ratios 
which are based upon available TP theory perturbation 
calculations. 

There are many parallels between the polymer-surface 
and polymer-polymer interaction problems besides the 
obvious resemblance of (4.9b) and (4.18a). The same 
characteristic splitting pattern for successive orders of 
perturbation theory, which is also found for 1z,O1 = us* in 
Figure 2, is present in Figure 111.4 of Y a m a k a ~ a ~ ~  for zp0 
= u2* - O(O.l) for d = 3. Again we see that u2* specifies 
the range in which the perturbation theory is to be trusted. 
This explains why in the past it  was though the poly- 
mer-polymer excluded volume interaction had a finite 
radius of c~nvergence,~~ 12201 50.15. Although these per- 
turbation series generically have a zero radius of conver- 
g e n ~ e , ~ ~ , ~ ~  the range 1221 5 u2* specifies the “range of 
utility” of these asymptotic series (see Appendix C). 

Strictly, of course, the model (2.3) is not defined for z20 
< 0, but by introducing an infinitesimal ternary interaction 
2 2  the TP model can be extended into the attractive in- 
teraction regime.la Given this extension to negative z 2 ,  
it is foundla that the RG description of the polymer-sur- 
face interaction and the polymer-polymer interaction 
problem becomes unphysically singular as the dimen- 
sionless interaction parameter approaches the negative 
value of its fixed point, Le., z20 - -up*. Elsewherela we 
have identified the z20 - -up* limit with the incipient 
coil-globule transition, and the validity of this identifi- 
cation is clear in the case of the polymer-surface transition 
(see Figure 2) where comparison can be made with the 
exact solution. Our comparison with the experimental data 
of Perzynski et al.lat2’ indicates that the limit z20 - --u 2 * 
coincides reasonably well with the collapse transition for 
radius of gyration and intrinsic viscosity. 

Given this strong analogy between the polymer-polymer 
and polymer-surface interaction problems, it is tempting 
to conjecture that the free energy of the collapsed polymer 
is dominated by a term of the form [see (A.10)] 

(7+2)collapse a Eon0 = l-zz0/u2*12” (4.16) 

corresponding to the gsd mode in the polymer collapse 
problem. Lattice data in support of this hypothesis are 
given by I ~ h i n a b e , ~ ~  who attributes a relation similar to 
(4.16) to Moore.30 Inserting this ansatz for E ,  into the 
theory developed by Moore30 and by Kholodenko and 
Freed28 gives rise to a picture of the polymer collapse 
problem which is very similar to that for the collapse of 
a polymer onto a surface. Very importantly, (4.16) implies 
that the coil-globule transition occurs for zp0 -. -up* in the 
gsd theory. The combination of the gsd mode theory (the 
mean field theory28) for the poor solvent regime, pertur- 
bation theory from the 0 regime, and the RG theory for 
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the good solvent regime offers the prospect of a compre- 
hensive description of polymer properties over the whole 
range of the excluded volume interaction. Essentially this 
same program was suggested by Moore.36 The effect of 
fluctuations can also be calculated by using the Kholo- 
denko and Freed28 theory, just as the recent work of 
Nemirovsky and Freed22 includes fluctuations for the 
polymer-surface transition. 

So far we have stressed similarities between the poly- 
mer-polymer and polymer-surface interaction problems. 
However, the perturbation expansions in E such as (4.15a) 
are generally expected to be asymptotic rather than con- 
vergent (see Appendix C). This is a consequence of the 
likely asymptotic nature of the original perturbation theory 
in z20. The best we can expect from the RG theory is then 
an extension of the “range of utility” of the perturbation 
theory from 1~21 I u2* to z20 >> u2*. It is then necessary 
to treat the polymer-polymer perturbation expansions in 

differently than (4.9). The lack of uniform convergence 
for these series implies that the results do not necessarily 
improve upon calculating higher order terms in E. Another 
important difference between the polymer-polymer and 
polymer-surface interaction problems is that it is difficult 
to obtain more than just the first couple of terms in the 
perturbation expansion for measurable polymer properties. 
A standard way of treating this type of series, when there 
is such limited information, is by determining the “optimal 
order of truncation” to obtain the best approximation. The 
philosophy of this procedure is described by Bender and 
Or~ag ,~*  and a discussion of the optimal order of truncation 
for the polymer-polymer interaction is described in Ap- 
pendix C. 

V. Conclusion 
The perturbation series for a Gaussian polymer inter- 

acting with a penetrable surface is calculated within the 
Kosmas model2 to all orders in the polymer-surface in- 
teraction. The series is exactly resummed for the general 
case of a d,,-dimensional hypersurface embedded in a d- 
dimensional space. Renormalization group €-expansion 
methods are then applied to perturbatively resum the 
surface interaction perturbation theory in powers of el = 
2 - d,. The renormalization group predictions are com- 
pared with the exact results for strongly repulsive surfaces, 
and in this limit there are 14 and 7% errors, respectively, 
in first and second order in the €,-perturbation theory for 
the mean square end-vector distance ( R2) of a terminally 
attached chain. The convergence of the c I  expansion is 
uniform in higher orders. An increasingly accurate ex- 
pression is predicted by the renormalization group theory 
for the crossover function describing variable repulsiue 
polymersurface interactions, and the convergence appears 
again to be uniform. 

Our renormalization group solution, however, is found 
to break down as the dimensionless polymer-surface in- 
teraction approaches z,O - -us* = - c L / 2  from above. 
Another scheme is introduced for the large negative in- 
teraction regime which approximates the end-vector dis- 
tribution function by the ground-state-dominant contri- 
bution. This method is found to give a good approximation 
for negative z,O up to the limit z,O - -us* from below. An 
approximate description of the full crossover is obtained 
by patching together these complementary approaches. 

We then describe the close similarity between the 
crossover dependence in the polymer-polymer excluded 
volume problem and that of the polymer-surface inter- 
action problem. The renormalization group analysis is 
virtually identical in both cases aside from a change of 
interaction labels. Both the polymer-surface and poly- 
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mer-polymer interaction problems exhibit a singular be- 
havior as the interaction approaches its negative fixed- 
point value. These similarities make the Kosmas model 
a useful probe into the RG description of the polymer- 
polymer interaction. 
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Appendix A: Other Selected Properties for a 
Polymer Attached to a Penetrable Interacting 
Surface (zzo = 0) 

The main body of the paper compares exact expressions 
for ( R2) and Q with approximate RG predictions to gauge 
purely mathematical questions regarding the accuracy of 
€,-expansion perturbation theory for the crossover in 22 .  
The general theory of a polymer interacting with a hy- 
persurface is also a model of some physical significance. 
Thus, we consider a selection of properties for this system, 
including a discussion of the order of the adsorption 
transition. 

1. Average Surface Interaction Free Energy 
Change (e,). The 8 state for polymer-polymer inter- 
actions in Monte Carlo simulations and in direct enu- 
meration calculations of lattice polymers is defined as a 
critical value of the nearest-neighbor interaction a t  which 
(R2) is proportional to no or at  which the second virial 
coefficient vanishes. These conditions have no direct 
analogue for the polymer-urface interaction. Usually the 
adsorption theta point eA, where the effective surface in- 
teraction z,O vanishes, is determined in simulations from 
the fraction of adsorbed monomer units which 
asymptotically for T > 8, and no - QI. Alternatively, 8 A  
is deduced from properties such as the average surface 
interaction energy per monomer unit which likewise van- 
ishes for T > e* in the no - m limit (see ref 4 for a dis- 
cussion). 

The average free energy change, due to polymersurface 
interactions and relative to that for a noninteracting chain, 
is easily calculated from the partition function Q (one end 
attached to surface) as 

1 
(Ff,) = (2.01 0 dx 6[rl(x)]) = -8 In Q/d In z,O (A.l) 

Equation A . l  is evaluated from (3.6) by differentiating 
term by term to obtain 

(Ff,) = C [-z,Or(€,/2)Ik(-k)/[r(l + ke,/2)QI (A.2) 

A simple closed form for the average free energy change 
relative to a free polymer is then found from (3.8) for d,  
= 1 as 

(7 f , )  = 2(z80/Q)(1 - [ ~ ( ~ / ~ ) G ‘ ’ I ~ ( Q / z > ) I  (A.3) 

E 

(Ff,) - 1, z,o - m (A.4a) 

(Ff,) - z,o/u,*, z,o - 0 (A.4b) 

(Ff,) - ( - u , * ) [ - z , O ~ ( € ~ / ~ ) ] ~ / ~ , ,  z,O - -m (A.4c) 

The RG theory, on the other hand, yields in first order in 
€1 

(Ffd = A, (A.5) 
which approaches the correct limits in (A.4a) and (A.4b) 

Ip 

k =O 

while from (A.2) we have the limiting situations for 
(0,4) and cL # 2: 
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but which fails as usual in the negative interaction regime 
since it becomes singular as z,O - -us*. 

The qualitative behavior of (A.4a-c) is easy to interpret. 
For large z,O the average free energy change ( %,) saturates 
and approaches a constant since only a finite number of 
segments are a t  the surface. In the opposite limit of z,O - --a, we must have ( Ss) 0: no, independent of dimension, 
since most of the polymer is absorbed onto the hyper- 
surface. 

The limits z,O - 00 and z,O - --a, are physically rather 
obvious, but the limit z,O - 0 is more subtle physically and 
provides insight into the nature of the polymer-surface 
interaction and into the order of the surface adsorption 
phase transition. From (2.2d) and (A.4b) we have 

(%,) - nofL/2, z: - 0, t, > 0 (A.6) 

This result arises because a very long polymer has a num- 
ber of intersections with an arbitrarily drawn dll-dimension 
hypersurface (noninteracting) which scales according to 
(2.2d) and (A.4b) as nocJ2 for c, > 0, while for el < 0 the 
intersection set has measure zero. In the language of 
M a n d e l b r ~ t ~ ~  the crossover exponent t,/2 defines the 
fractal dimension of the set of intersection points. 

There is also an important connection between the 
surface interaction crossover exponent and the problem 
of return probabilities in the theory of lattice random 
walks.34 The probability that an infinite random walk 
strikes an arbitrary hypersurface of dimension d, ,  is no 
longer unity for tl < 0. For example, it is well-known that 
the probability of return of an infinite lattice random walk 
to a point is not certain in d = 3 but rather is a nonu- 
niversal probability less than unity. The probability of a 
random walk returning to a line in four dimensions should 
likewise be a probability less than unity, although the 
problem apparently has not been studied before. In the 
next subsection we discuss the bearing that the surface 
interaction exponent has on the order of the surface ad- 
sorption phase transition. 

2. Order of the Surface Adsorption Transition. 
The order of the surface phase transition for the “collapse” 
of the polymer onto the surface is determined as the lowest 
order discontinuous temperature derivative of the free 
energy. The free energy per monomer unit ( gS) /no of an 
adsorbed infinite chain scales according to (A.4c) as 

( S s ) / n o  a (p,0)2/f~ (A.7a) 

In the vicinity of the transition point it is expected (see 
ref 4) that very long chains have the dependence4 

p,O % T - 0 A ,  0A/T % 1 (A.7b) 

where 0 A  is the adsorption 0 temperature (2: = 0) and T 
is the absolute temperature. Of course, the transition 
temperature and do not c o i n ~ i d e ~ , ~ ~  for finite  chain^.^ 
Adopting the Riemann-Liouville definition35 of differen- 
tiation, where the order of differentiation is an arbitrary 
real number, then the order of the surface transition be- 
comes 2/t, in a generalized Ehrenfest sense.36 The ad- 
sorption onto a plane and adsorption onto a line in three 
dimensions are thus second- and infinite-order phase 
transitions, respectively. Birshstein3’ and Gorbunov et al.% 
arrive at the same conclusion for d = 3 based upon lattice 
model calculations. 

We can also make some qualitative remarks regarding 
how the order of the adsorption phase transition is altered 
by the presence of polymer-polymer excluded volume, by 
surface irregularity, and by the presence of finite bound- 
aries. First, since d, > 0, the order of the adsorption phase 
transition for Gaussian chains onto a dll-dimension hy- 
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persurface is greater than unity. Qualitatively, we then 
expect that for d, > 1 the adsorption onto the “outside” 
of a large material object tends to be a continuous (second 
order or higher) transition. An increase in the irregularity 
of the hypersurface can be viewed as roughly equivalent 
to increasing d,, (increasing e, and decreasing the order 
of the transition) if we naively identify the variable d,, with 
the fractal dimension33 of the adsorbing surface. For ex- 
ample, the fractal dimension of a Gaussian chain is df = 
2; hence if d,, is chosen as d, ,  = df, then tl becomes e l  
c = 4 - d. Thus, in our naive picture of adsorption onto 
fractals the intermolecular polymer-polymer excluded 
volume interaction can be thought of a polymer interacting 
with a surface where the polymer is its own “surface”. The 
crossover exponent €12 then governs the probability of the 
self-intersections of the polymer. (This geometric inter- 
pretation for the polymer-polymer excluded volume in- 
teraction is discussed precisely in ref 39.) The qualitative 
effect of surface irregularity is thus to increase the 
sharpness of the adsorption phase transition relative to the 
idealized limiting Euclidean surface. Our qualitative 
discussion may also have some relevance to gel permeation 
chromatography where the adsorbent is rather irregular.40 

Scaling arguments may be used to qualitatively assess 
the effect of excluded volume on the surface transition 
order. If (2 .2~)  were scaled by the perturbed chain size 
(R2)f of a free chain rather the unperturbed length (R2)of, 
the dimensionless chain variable becomes i = (d/ 
( Rf)2)1/2R and the dimensionless surface-interaction has 
the form 

1 
%, = zs*J 6[i,(x)] d ~ ( 2 x ) ~ ~ / ~  

(A.8a) 

In good solvents, where (R2)f - np, eq A.8a suggests that 
the good solvent surface crossover exponent &*, defined 
by z,* - n1a*, equals 

&* = 1 - dlv (A.8b) 

Equation A.8b corresponds to the Bray-Moore conjecture 
and to an argument by de Gennes in the special case of 
d, = 1 (see ref 6). Equation A.8 is not expected to be exact 
since it fails to consider the “renormalization” of the chain 
contour length. Rather than a technical argument based 
upon the RG analysis we present the following heuristic 
argument for this effect: Alternatively (A.8a) can be 
written as 

%, = ( R 2 ) ; d ~ ~ 2 ( d / 2 * ) d ~ ~ 2 ( ~ ~ / 1 2 ) ~ a d ~ ’  6[?,(~’)] X 

( ~ P ) ~ L / ~ ,  u = (R2)0,f/l (A&) 

Replacing (R2)o,f by its perturbed value (R2)f gives 
7fS = 

(d/2~)~1/2(p,O/l~)  ( R2)f-dl/2J1dx’ 6[i,(x’)] (27r)d~/2 

(A.8d) 

&* = €,V (A.9) 

For good solvents (zzo large) eq A.8d yields 

Equations A.8b and A.9 likely provide lower and upper 
bounds on @,*. Monte Carlo data seem to be in good 
accord6 with (A.8b) for the penetrable surface and with 
(A.9) for the impenetrable surface32 where d, = 1. Our 
first-order RG calculations” for the penetrable surface (d,, 
= 2) is in agreement with (A.8b); Le., c$,* = 3t/8 + O(e2). 

Physically the free energy change for an adsorbed 
polymer should scale as (S,) a no, which implies that the 
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polymer is predominantly adsorbed on the hypersurface. 
This conclusion should be independent of whether or not 
there is excluded volume and of the detailed shape of the 
surface. For the many generalizations of the adsorption 
of polymer onto surfaces of different types we obtain 
different scaling variables Z,O characterized by crossover 
exponents C& which are affected by the particular inter- 
actions which we include in our model and by the par- 
ticular type of surface (surface curvature, penetrability, 
etc.). Since ( % , ) / n o  approaches a constant independent 
of dimension in the strongly adsorbed limit, we must have 

(%,) /no - (i,O)'l@u/n - &")'/@e (A.lO) 

so our simple scaling argument implies the order of the 
adsorption phase transition should generally be 114, within 
a simple scaling argument (see ref 6). 

The preceding arguments are confined to the problem 
of adsorption on the outside of a surface. Qualitatively 
different behavior is known to occur for polymers adsorbed 
into semiconfined regions. For example, adsorption of 
random walks into a slitlike pore occurs as a first-order 
phase t r a n ~ i t i o n . ~ ~  Helix-coil transitions, crudely related 
to the problem of adsorption onto a line, are known to 
sharpen in the presence of surfaces.41 This general phe- 
nomenon may again be illustrated with a scaling argument. 
Consider for simplicity the situation of a polymer confined 
between two "parallel" hypersurfaces having the same 
surface interaction and separated by distance 6 in the r, 
direction. If 6 5 (R2)fliz, then the natural scaling distance 
of the polymer is no longer ( R2),, but rather the separation 
&. This is found explicitly by calculating the propagator 
Go(R,/&) for the confined ge~metry '~  which gives a new 
z,O (confined) scaling variable upon scaling as in (A.8) to 
obtain 

z,O(confined) = z,0(unconfined)((R2)0,f/.C2)d~./2 (A. l l )  

Formally, if I becomes small and closer to the value of 
1 than to (R2)o,f'/2, then & approaches unity, and the 
transition becomes first order. Obviously this effect arises 
because the proximity of the confining surface increases 
the probability of intersection with the surface. This 
scaling argument qualitatively explains why confinement 
tends to sharpen the adsorption transition. This situation 
is contrasted with the more usual smoothing of transitions 
by finite boundaries in other areas of critical phenomena. 
In the near future we intend to calculate properties of 
polymers with excluded volume in confined regions uaing 
a generalization of the effective Hamiltonian formalism 
introduced by Nemirovsky and Freed.22 

3. Moment (IR,I) for Penetrable and Impenetrable 
Surfaces. The odd moments (R12m+1) for a chain ter- 
minally attached to a penetrable surface vanish since there 
is an equal probability of the chain end being on either side 
of the surface. However, the moments (IR,I2"+') are 
generally nonzero where m is an integer. The moment 
(lRL1) is a particularly important example since it is fre- 
quently considered in Monte Carlo simulations of impen- 
etrable  surface^.^ A direct calculation through infinite 
order gives 
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For d, = 1 eq A.12 reduces to 

(IRJ) = (lR,l)o~exp(Ao2) X 
[erf(Ao) - 1 / A o 2 1 / ~ o  + 1/AO3 + l/&I/Q (A.14) 

where A, = I'(1/2)z,O. Our d, = 1 results for (1R,1) and 
(IR,I2) are found to be identical with those calculated 
previously be Nemirovsky and Freedzz for Gaussian chains 
with an impenetrable surface, and generally we have 

( IRllm)penetreble = ( IRL Im)impenetrable (A*15) 

so that the distribution function for lRll is the same for 
both penetrable and impenetrable surfaces. Geometrically 
it is difficult to imagine the physical origin of this equiv- 
alence, but mathematically we are forced to accept it. 

4. Ground-State-Dominant Propagator. The 
ground-state-dominant propagator is conveniently ob- 
tained from the moments (IR,l"), which are 

(IR,lm) = (lRilm)z~=o(I'(l + m/2)/Q) 

5 [-z,Or(t,/2)lk/I'(l + m/2 + hc,/2) (A.16a) 
k=O 

( I R L l m ) Z ~ = ~  = (2(R2)o,~/d)""r[(m + d,)/21 /I ' (dl/2) 
(A.16b) 

For z,O - -m this becomes asymptotically 

(IR,I") - (IRilm)z~=oI'(l + m/2) l -~ ,Or ( t~ /2 )1 -~ '~~ ;  
2,'' --* -m (A.16~) 

These moments correspond to the distribution function 

GLgsd(Z,O - -a) 0: (@,)fL/2Kel ,2(?,)  (A.17a) 

where K f l j 2  is a modified Bessel function of the third kind 
and where 

i., = (d/412)1~21R11, 

For large i, we have16 

El2 = I-~,Or(t,/2)1-~/'q (R2)o,f/2) (A.17b) 

GLgsd(z,O -a) - 
( i . , ) ( f i - ' ) / 2e - 'L[ l  + ( c L 2  - 1)/8Fl + ...I (A.17~) 

so that E ,  has the interpretation of a correlation length. 
Using (A.7b) as an approximation the polymer-surface 
correlation length scales as 

EL 0: IT - 0J"l (A.17d) 

where the surface correlation exponent is v, = l/t,. This 
form is very analogous to that found in the droplet model 
of Bruce and Wallace4z for the droplet correlation length. 
The ground-state-dominant propagator (A.17) reduces to 
special cases considered previously1s12 [see (4.12) for c, 
= 11 and may be verified to be the solution of the differ- 
ential equation 

Eo(z,O)noGLgsd, Eono = l -~ ,Or (~ , /2 )1~ /~~  (A.17e) 

where G(R,  - m) - 0. Equation A.17a is a starting point 
of a discussion of the leading effect of polymer-polymer 
excluded volume interaction for adsorbed chains. These 
calculations will be described in a subsequent paper.17 

5. Other Partition Functions. Other important 
properties are the partition functions for loops, which 
return to the surface, for rings, and for star polymers at- 
tached to a surface. For example, a ring anchored to the 
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surface is characterized by r = 0. Equation 3.4 then im- 
plies 

Qring = Qo(ring)Q 
(A.18) 

Qo(ring) = Q(ring;z: - 0) = ( d / 2 ~ ( R ~ ) ~ , 3 ~ / ~  

where again through all orders we find 

Q = 5 r(e,/2)[-z,or(t,/2)ik/r[e,(lz + 11/21 ( A . I ~ )  
k-0 

A loop which returns to the dll-dimension hypersurface has 
rl = 0, where rll is arbitrary. In this case a straightforward 
computation yields 

Q( loo~)  = Qo(looP)Q, Qo(loo~) = (d/2r(R2 )o ,JdJ2 
(A.20) 

The partition function for an f-arm star, having arms of 
equal length No rooted at  a common origin on the surface, 
is similarly calculated as 

Q(f-arm star) = Qf (A.21) 
because of the statistical independence of the arms when 
excluded volume is absent. Finally, we note that (A.19) 
reduces in d, = 1 to 

Q = 1 - [I'(1/2)z,0l2Q/z: (A.22) 

In closing this discussion of the partition functions we 
evaluate the exponents y associated with the partition 
functions Q, Q(loop), Q(ring), Q(star), etc. The large-z,0 
limit of (3.10) yields (see ref 2) 

Q - n0-t1/2 (A.23) 

- 1 = -e,/2, z,O - a, e l  > 0 (A.24) 

where y - 1 is defined through the relation 
Q - no"'-' (A.25) 

Alternatively, the exponent y can be obtained from the 
RG perturbation expansion. The RG theory defines this 
exponent by the fixed-point value of 

(A.26) 

where ZQ is the renormalization constant for the partition 
function Q which is introduced so that the renormalized 
partition function QR 

Q R -  =z-l  Q 8 (A.27) 

is well-defined for el - 0 (i.e., all poles in el are removed). 
Equations 3.6 and 4.4 enable ZQ to be determined per- 
turbatively as 

ZQ-' = 1 + (2uS/e,) + ( ~ u ~ / c , ) ~  + ... (A.28) 

Substitution of (4.1) into (A.26) yields 
a In ZQ/a In La = -us + @(el3) (A.29) 

Since the fured point us* equals t1/2 through second order 
in e,, the RG prediction for y is identical with the exact 
result for y up to second order in e, (and presumably to 
higher order). 

Applying the same RG procedure to determine  loop), 
y(ring), and y(f-arm star) for the polymer at an interacting 
surface yields 

?(ring) - 1 = -d/2 - 2uslU,* + 0(e13) (A.30a) 

~ ( 1 0 0 ~ )  - 1 = -d,/2 - 2uSlu,* + 0 ( e l 3 )  (A.30b) 

y(f-arm star) - 1 = fuslue* + 0 ( e L 2 )  (A.30~) 
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It  appears that the first order in e, RG theory for the 
polymer-surface interaction characteristically gives the 
exact value of these exponents. These expansions are to 
be contrasted with those for the polymer-polymer excluded 
volume in Appendix C. 
Appendix B: Special Values of el 

The solution to the polymer-adsorption problem is very 
useful for gaining further insight in the polymer-polymer 
excluded volume problem where there is no exact solution 
for comparison. A number of parallels between the the- 
ories are discussed in section IV. There are numerous 
other aspects of the polymer-polymer excluded volume 
problem for which the polymer-surface interaction prob- 
lem is illuminating. First of all, we can investigate the 
surface interaction model above the critical dimension ( e ,  
< 0). For example, for t, = -1 the perturbation series in 
(3.6) is divergent but is still Bore1 summable,a and the 
partition function is easily shown to be [see (3.8)] 

Q(e, = -1) = ex~U/[z ,~r ( t , /2 )1~)  erfc {1/[Wl/2)z:ll 
(B.1) 

It  is warned that from a physical standpoint the dimen- 
sional regularization scheme is potentially not meaningful 
for el I 0 since cutoff terms neglected in ( 2 . 2 ~ )  begin to 
give an important contribution; this difficulty is ignored 
here. The usual log corrections at the critical dimension 
el = 0 are obtained by taking the limit e, - 0 in (4.9) 
where we recover the same leading corrections as obtained 
by Rubin7 in his lattice model calculations. 

The polymer-polymer Hamiltonian becomes ill-defined 
for pZ0 < 0 unless a repulsive ternary interaction is intro- 
duced to stabilize the interaction.ls A characteristic feature 
of the polymer model, when formally extended to negative 
interaction regime, is that the partition function becomes 
complex and n ~ n a n a l y t i c . ~ ~  This same type of behavior 
is found in the polymer interaction model if tl is formally 
taken as being large. For E, > 4 we have from p 198 of 
Hardf 
Q - (2 /e l )  e~p(lz,0r(t,/2)(~/'1 cos (2r /e l ) )  x' 

[cos (sin (2r/tl)l~:r(t,/2)12/f~) + 
i sin {sin (2r/t , ) l~,0r(t , /2)1~/~~)] ,  z,O -m (B.2) 

and 
Q - (2/t,) exp{l-~,0I'(t,/2)1~''1 cos (2r/e,))  x 

Equations B.2 and B.3 should serve as useful models in 
the study of nonperturbative renormalization where the 
systematics of the RG procedure are only partially un- 
d e r ~ t o o d . ~ ~  For completeness the limits t1 - 4 and tl - 
2 lead to 

Q = COS (.Z,O)~/~, z,O 2 0, el = 4 (B.4a) 

Q = cosh ( z : ) ~ / ' ,  z,O I O ,  e, = 4 (B.4b) 

cos {sin (27/e1)1 - ~:r(~~/2)p1}, z,D - -m (B.3) 

Q = exp(-z,O), el = 2 (B.5) 

Appendix C: Optimal Order  of Truncation for 
the  Polymer-Polymer Excluded Volume 
e-Expansion 

1. Illustrative Example. I t  is, in fact, possible to 
introduce particular properties of polymers with excluded 
volume where accurate solutions are available for com- 
parison with e expansions. As an example, consider the 
dimensions (R2), a swollen self-avoiding walk, cut the 
polymer in half to obtain ( R2) and ( R2 )' for the halves, 
and then compare the dimensions of the whole polymer 
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to the sum of its parts. The exact solution is 
(R2)/((R2)1 + (R2)2) = 2zv-1 , (Rz)  - nozv (C.1) 

Using the best theoretical estimate of v from Borel re- 
v(Bore1) = 0.5885 i 0.0025, implies the di- 

mensionley ratio in (C.1) equals 1.131 f 0.004. A first and 
second order in t RG calculation gives for comparison 

(Rz)/((R2)1 + (R2)J  = 1 + (t/8) In 21d=3 + 

= 1 + (c/8) In 2 + [(15/4) In 2 + (In 2)z](t/8)21d=3 + 
0 ( t 3 )  = 1.13 (C.3) 

so that the first-order calculation has an error on the order 
of 4%, ahd the second-order calculation agrees with the 
Borel resummation result to within numerical uncertainty. 

As opposed to the polymer-surface interaction problem, 
the addition of terms beyond second order in t does not 
necessafily lead to an increasingly accurate expression for 
the ratio in (C.1). The t expansion for the excluded volume 
interaction is thought to be a s y m p t o t i ~ , ~ ~ , ~ ~  so that caution 
is needed in interpreting these t expansions. There is a 
standard method for determining the “optimal order of 
truncation” of these series to obtain the best approxima- 
tion, and we illustrate the method below for a few prop- 
erties where the t expansion is known through fourth or- 
der.44 

2. Optimal Order  of Truncation. Because the E- 

pertupbation expansion for the polymer-polymer inter- 
action is presumably asymptotic, it should become less and 
less reliable beyond a certain order. Given high order in 
t calpulations, as well as knowledge of the limiting as- 
ymptotic values of the coefficients in the series, then Borel 
resummation techniques can be employed to resum the 
perturbation expansions. Frequently, however, such ela- 
borate information is unavailable and, moreover, general 
techniques have not been devised to obtain full scaling 
functions using Borel resummation methods (see ref 45 
however). There is a systematic and simple alternative to 
Borel resummation which guides the choice of the optimal 
order of truncation in the asymptotic perturbation ex- 
pansion. We now employ this method and compare the 
results with those of the Borel resummation in the limited 
number of cases where this is possible. From this analysis 
we infer that, as a rule of thumb, the second order in t 
theory is the optimal order of truncation. 

Substantial effort has already been made to calculate 
the E expansions for various properties. For example, 
qarasov et  a1.44 calculate 2v, the exponent y, and the di- 
mensionless coupling constant uz*, respectively, as 

o(2) = 1.09 (C.2) 

2 v  - 1 = t/8 + (15/4)(t/8)’ + 
[135/8 - 33?(3)](~/8)~ + [3799/64 - 873?(3)/4 - 

198?(4) + 930?(5)](~/8)~ + @(e5) ((3.4) 

- 1 = t/8 + (13/4)(t/8)’ + [93/8 - 33?(3)](~/8)~ + 
[1965/64 - 741?(3)/4 - 198?(4) + 930?(5)](~/8)~ + 

O(t5) (C.5) 

up* = t/8 + (21/4)(t/8)’ + [71/8 - 33?(3)](~/8)~ + 
[4139/192 - 1133?(3)/4 - 132?(4) + 930?(5)](~/8)~ + 

O(t5) (C.6) 

where ? denotes the Riemann zeta function. A similar 
pattern appears in the magnitude of the coefficients. 
Asymptotically all these series have coe f f i~ i en t s~~ ,~~  of order 
t k  of 

ak - k !  (-3/8)kkb(constant) ((2.7) 
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implying a zero radius of convergencez1 for the series. The 
constant b equals 4 for uz*, and it generally depends on 
the property considered.z1 

It is frequently argued that, because of the zero radius 
of convergence, no reliable c o n ~ l u s i o n s ~ ~  can be obtained 
by setting t = 1 in these series. This is not true, and rather 
good and justifiable results can be obtained by using the 
optimal truncation. This optimal truncation31 is obtained 
for a given value of t by first evaluating successive terms 
in the e expansion and by then identifying the minimum 
magnitude term before the expansion coefficients start 
growing rapidly. Fortunately, such a minimum term fre- 
quently arises at  relatively low order in perturbation 
theory, and in d = 3, for example, we have for v, y, and 
uz*, respectively 

2 v  - 1 = 0.125 + 0.059 - 0.045 + 0.134 
y - 1 = 0.125 + 0.051 - 0.055 + 0.136 
uZ* = 0.125 + 0.082 - 0.060 + 0.131 

(C.8) 
(C.9) 

(C.10) 
The optimal order of truncation involves truncating the 
smallest magnitude term and all higher order terms so that 
in d = 3 we obtain 

v(optima1 truncation) = 0.592 f 0.045 (C.ll) 
u2*(optimal truncation) = 0.207 f 0.060 (C.12) 

where a bound on the magnitude of the error is estimated 
as the first neglected term in the series. Interestingly, the 
exponent y is a borderline case, and strictly the first order 
i n  theory is the optimal order of truncation. In such a 
borderline case it is, however, reasonable to take an average 
of the second-order and first-order expressions (d  = 31, 
yielding 

?(optimal; d = 3) = 1.125 (C.13a) 
7 = [y(first order) + y(second order)]/2 = 1.15 

(C.13b) 

For comparison, the most recent Borel resummation values 
are43 

v(Bore1) = 0.5885 f 0.0025 (C.14) 
y(Bore1) = 1.160 f 0.004 (C.15) 

based upon fifth order in t perturbation theory where the 
errors are estimates of precision rather than accuracy since 
a number of assumptions are implicit in (C.14) and (C.15). 
These “best estimates” from Borel resummation are in 
quite respectable agreement with the optimal truncation 
predictions. The main advantages of optimal truncation, 
beyond its relative simplicity, is that it enables the accurate 
approximation of crossover scaling functions, when applied 
to series such as (4.18), and moreover the method is sys- 
tematic. 

At present optimal truncation appears to be the only 
practical option for determining the full crossover func- 
tions. There is, however, intensive work to extend the 
Borel resummation method to describe crossover45 for the 
property (Rz)f.  I t  is anticipated, however, that the high- 
order perturbative calculations, which the Borel resum- 
mation requires as its input, will not be available for some 
time for the many properties of interest. It is also not yet 
clear how to treat the case of multiple interactions within 
the Borel resummation scheme. 
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ABSTRACT: A theory is presented for mutual diffusion in concentrated polymer solutions under a small 
driving force. The  crucial concept is that  the interdiffusion of polymer and solvent causes deformation of 
the polymer component. A memory integral contribution to the solvent flux is developed from the transient 
network and reptation models; analytical formulas for measurable8 are derived for a polymer behaving like 
a Maxwell fluid. For sorption experiments, non-Fickian behavior is predicted when the polymer relaxation 
time matches the sorption time scale, that  is, when the diffusion Deborah number is -O(l). The predictions 
agree with non-Fickian behavior observed in classical and oscillatory sorption experiments. The analysis clarifies 
the potential value of the oscillatory sorption technique. 

I. Introduction 
The diffusion of a low molecular weight species in high 

polymer systems over a macroscopic length scale is often 
the rate-control l ing process in industrial processing op- 
erations; examples include fiber spinning, film casting, and 
coatings processes. The effective design of these requires 
a quantitative descr ipt ion of the diffusion. Our recent 
work',* focuses on mutual diffusion in concentrated poly- 
mer solut ions under a small dr iving force, that is, the in- 
terdiffusion of solvent and polymer in the presence of a 
s l igh t  composi t ion gradien t .  A t h e o r y  based on the 
physical arguments of Thomas and Windle3 compares 
reasonably well w i t h  data over a range  of condi t ions en- 
compassing the so-called v i s c ~ e l a s t i c ~ , ~  or non-Fickian re- 
gime. In this article we present an alternate development 
of the t h e o r y  and analyze sorp t ion  under a small dr iving 
force. 

11. Sorption Experiments 
In the classical sorpt ion experiment ,  a polymer solution 

i s  held i n  contact w i t h  a large reservoir of solvent vapor 
at temperature T and pressure P. The solvent activity i n  
the vapor ,  a(t), i s  increased i n  a step 

a( t )  = a- + A H ( t )  (11.1) 

causing diffusion of solvent into the solution. Here,  a- is 
the activity before the step (0 < a- < l), H ( t )  is the step 
function, and A is the amplitude of the step (a- + A < 1). 
Commonly,  one observes the total mass  of solvent  in the 
solut ion,  M ( t ) .  In a more general  exper iment  

(11.2) 

where g( t )  is a bounded, piecewise cont inuous funct ion.  
(If -1 < g( t )  < 1, then A lies in a range  s u c h  that 0 < a- 
- A and a- + A < 1.) 

Very l i t t le  experimental work has been done with g( t )  
# H(t) .  Vrentas, Duda, and co-workers6 reported recently 
on a technique  using g( t )  = s in  ut. The method, called 
oscillatory sorpt ion,  appears promising for  the s t u d y  of 
mutual diffusion i n  polymer solut ions and is analyzed 
subsequent ly  i n  some detail.  

For simplicity we consider sorpt ion in  one-dimensional 
sys tems (Figure 1)  having an average depth 1 and allow 
only  smal l  f luctuat ions i n  a( t ) ;  Le., A << 1. Before we 
cont inue ,  a s u m m a r y  of previous work is given. 

111. Previous Theory 
Mutual diffusion on a macroscopic length scale (say >10 

pm)  i s  descr ibed adequate ly  b y  the species cont inui ty  
equat ions  together wi th  constitutive relationships for the 

a( t )  = a- + Ag( t )  
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